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Abstract  

An extended s t a b i l i t y  c r i t e r i o n  f o r  cross-coupled, symmetrical, 

- J:-dimensional, nonlinear and time-varying systems i s  presented. 

- - s  e f f e c t s  of time va r i a t ion  as well as cross-coupling on t h e  - 

>TenT s s t a b i l i t y  are discussed. 
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I. Introduct ion 

An extension of t h e  r e s u l t s  of Newman E11 t o  the nonl inear  case 

was der ived ,  i n  c51, us ing  the  frequency-domain approach of t h e  

Popov type.  It was shown tha t  t h e  r e s u l t s  of Lindgren and Pinkos c 2 1  

are unnecessar i ly  r e s t r i c t i v e  by r equ i r ing  t h e  same s lope  f o r  t h e  

Popov l i n e s .  It was a l s o  shown t h a t  s t a b i l i z a t i o n  of an otherwise 

uns tab le  system can be achieved by t h e  in t roduct ion  of an  appropri-  

a te  cross coupling. The cont r ibu t ion  of t h i s  paper i s  t o  extend 

t h e  s t a b i l i t y  determination f o r  cross-coupled symmetrical two- 

dl:.ensional nonl inear  systems i l l u s t r a t e d  i n  Fig. 1, t o  t h e  case 

T ”  A:.=& .n e t h e  n o n l i n e a r i t i e s  may be a l s o  time-varying. 

The proof of t h e  Theorem used here  i s  based on a new l e m a ,  

.::--;n,h i s  developed f o r  t h e  f i r s t :  t i m e ,  f o r  symmetrical p o s i t i v e  

r x . i - d e f i n i t e  matrix mul t ip l i e r s  r a t h e r  than diagonal  ones. A 

t rzhnique  i s  developed where s t a b i l i t y  expressions i s  achieved 

:?rough mathematical manipulation on a transformed vers ion  of t h e  

problem r a t h e r  than on t h e  o r ig ina l .  
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11. System Description 

Figure 1 shows t h e  s t ruc tu re  of t h e  autonomous, continuous- 

t i m e ,  symmetrical, two-dimensional, nonl inear  and time-varying 

system under considerat ion.  It i s  assumed t h a t  t h e  following hold: 

(Al) Each of the  l i n e a r  t ime-invariant ,  nonant ie ipat ive subsystems 

S i ( i  = 1,2,3,4), with f . [ a . ( t ) , t l  (j = 1,2) as an input  and y_ . ( t )  
J J  

as an  output ,  i s  represented i n  t h e  s ta te  space form as: 

b . , ~ .  - 
-1 -1 

- X .  
-1 

and 

j =2 when : 

T 
-1 C .  -1 x . ( t )  V i=l, ... Y 4 

I 

i=l, 2 

i=3,4 

L l l  order  , Square, asymptot ical ly  s t a b l e  matrices i n 

with real, t ime-invariant elements. 

n 

elements. 

n th order  

order  Column vec tors  with real ,  t ime-invariant  t h  
i 

Vectors of t h e  i 

o j ( t )  - Sca la r  t i m e  functions.  
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I n  add i t ion ,  it is  f u r t h e r  

c o n t r o l l a b l e  and t h a t  [Ai , 

I 

assumed t h a t  [Ai, b :l's a r e  completely 

c . ] ' s  a r e  completely observable.  
1 

1 

( A 2 )  

charac te r ized  by t h e i r  ind iv idua l  input-output r e l a t i o n s .  

The nonin terac t ing  nonlinear and time-varying elements a r e  

The 

output  of each non l inea r i ty  i s  given by f . [o . ( t )  , t l  which i s  a real 

continuous func t ion ,  such t h a t :  
J J  

2 
3 1  

( a )  0 < o j ( t ) f j [ o  - ( t ) , t l  < K . o . ( t ) ,  V ' a . ( t )  J # 0, 

f . ( o , t )  = 0 
J 

( b )  

- - - l iminary  Consideration 

(1) %sed on t h e  l i n e a r  subsystem desc r ip t ion  of (Al) ,  t h e  

- . -zLsfe? friction of each subsystem S i s  given by: i 

T -1 A f b  

iSi 1 Hi(S) = ci ( S I  - Ai) 

5,s;caver due t o  the  symmetrical na ture  

S 2  = S 3  so t h a t  t h e  t r a n s f e r  function 

system i s  a s  follows : 

i 

of t h e  system: 

assoc ia ted  with the sub- 

S1 = S4 and 

1 '  S4 -b H 

( 2 )  The system i n  F i g .  1 i s  equivalent  t o  t h e  systems i n  

Fig. 2, 
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where 

( 3 )  To f a c i l i t a t e  t h e  ana lys i s  we apply t h e  o r t h o g o n a l t r a n s -  

fcrmation 

I 

T = - 1 1 j , (note:  TT = T -1 
f i  

fc t he  system’s t r a n s f e r  matrix W t o  y i e ld  ( s e e  Lindgren c2 1 

i=otenbergC5 a diagonal matrix i. Simultaneously - cs( t) and 
A h n  

- f h ( t ) , t l  a r e  transformed (see F i g .  3) t o  o ( t )  and f[Jt),t] , 
respec t ive ly :  

* 
(4)  I n  t h e  sequel  w e  w i l l  a l s o  de f ine  a system S as having t h e  

same s t r u c t u r e  as i n  Fig. 2 with W(s) replaced by W ( s )  and f C o ( t ) , t ]  

replaced by fCo( t) , t 1. 

A 

- -  
h ”  



111. S t a b i l i t y  Cr i t e r ion  

The proof of t h e  s t a b i l i t y  c r i t e r i o n  depends heavi ly  on t h e  

following two lemmas : 

Lemma I: (Anderson c4 1 '., E Moore 

A 

Let Z(s)  be an nxn matrix of r e a l  funct ions of a complex var iab le  

with Z (") < 43. 

A A 

Let {F,G,M,J] be a r e a l i z a t i o n  for Z(s), i n  t h e  

sense t h a t :  

:.I-$. F square and of minimal dimension 

i i - ax i s  

Y 

A 

T i s  pos i t i ve  r e a l ,  (J+J ) nonsingular,  z(s> 
n 

poles ,  and Z ( j w )  is  

-_'?en, t h e r e  ex is t s  a matr ix  

the  so lu t ion  of 

posi t ive d e f i n i t e .  

+ T - l n T  CF~-M(J+J G 3 n 

possess no 

where 

A T -1 GTn + nG(J+J ) 

T -1 + M(J+J ) 

with n ( t l , t l )  = 0 . 
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. . _ _  - _  - 

Lemma 11: The system of Fig. 6 is stable if there exist 

symmetrical, positive semi-definite matrices K 2: 0, CY 2 0 ,  fl 2 0, 

transformable (by a linear time-invariant and non-singular transfor- 

mation T such that Tt = T-l) to a diagonal form: 

A 

A A -1 
CY = T CY - T = diag[crl ... an' 

A A -1 K = T  1 K ' T = diagel ... " }  
Kn 

CY 
5131 that: cy 2: O,Bi 2 0, ai+Bi > 0 and - - is not a pole of any 

i f l i  I 
row of W(s), where th - ~ . e n t  of -the i 

A h A 

Z(s )  - CY K + (2+B. s)W(s) is positive real. ( 1) 

F-rovided that: , *  
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- -  I 

.- 
A 

Proof: The t r a n s f e r  matrix W(s) ( s e e  Fig. 5) possesses a 
A A n  

minimal r e a l i z a t i o n  C F  ,G ,HI s a t i s f y i n g :  

n 

W(S) = fIT (SI-;)-' G , 

where 

-1 = T  HT 

0 

T 
1 C 

I 
i 
I 

1 

I 
1 ,  

0 
I 

cT 1 

I 

A, 0 
A1 I 

0 

L 

0 

n 

; G = G T a  - 

T 
2 C 

0 
T 
2 C O l e  

0 -  bl 

bl 

b2 

b2 - 

0 

0 

0 
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Then the s ta te  space representat ion of 

t e r i z e d  i n  i lig. 

h 

S 

5 

I n  order  t o  prove 

f o r  t he  s t a b i l i t y  

Liapunov function: 

= F  

^T = H  

l e m m a  11, 

t h e  
. h  

system-S t h a t  

A A A  

t h a t  suppl ies  t h e  s u f f i c i e n t  

of the  system S (and S ) ,  

i s  chara c - 

condi t ion 

we choose as a t e n t a t i v e  

0 

A A  

5 -:, from t h e  d e f i n i t i o n s  of - f , o, and T , 

0 



- 10 - 

- 
t h e  diagonal matr ix  p -  and t h a t  of P ( t ) ,  

it i s  obvious t h a t  t h e  above choice of t h e  t e n t a t i v e  Liapunov 

func t ion  f u l f i l l s  t h e  conditions:  

D i f f e r e n t i a t i n g  V [ x ( t ) , t l  of equation 4 with respec t  t o  t i m e ,  y ie lds :  . 

0 

q l i n c t i t u t F n g  - -  for A( t )  and c o l l e c t i n g  terms , y ie lds  : 

t h e  term: 

can be e a s i l y  shown t o  equal t he  conditron: 
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. ._ _. - 
and is '  added and sGBtracted, i n  the form: 

from both s ides  of V t o  y ie ld :  

I f  we use,  f o r  t h e  mat r ix  function P ( t )  t h e  so lu t ion  of the 

. r r  d i - r  1 w e n t  i a l  equation : 



- 12 - 

lim 
which i s  guaranteed  by lemma I, i n  t h e  form p ( t )  = t 1+- W , t l )  , 
t h e n  it is  easy t o  v e r i f y  t h a t :  

T -1*T * 
p + p~ + F~ p = ~ G ( J + J ~ ) - ~ M ~  + M(J+J  G p 

* T - l A T  T -1 T - PG(J+J ) G p - M(J+J M 

A T -1 T "T 
- = = - (M-pG)(J-tJ ) (M -G PI - 

n 
T -1 T "T T A  6 T 

- - - - ' ' ~ , ~ t ) , t I  . -- ,.$ = - x (M-pG)(J+J ) ( M  -G p) X-ZX (pG-M)f(&,t) 
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Clear ly  t h e  f i r s t  term (Eq.  4) i s  nonposi t ive,  and i f  t he ' cond i t ions  

on t h e  non l inea r i ty  
A 

- -  f [&,t 1 are  such t h a t  

A m  A 

0 

holds ,  then t h e  nonposit ive nature  of V 

However, from t h e  de f in i t i ons  of - -  f ,  6, G, f l ,  and 

t h a t  t h e  inequa l i ty  [ S I  holds i f :  

is  guaranteed. 

A A A 

K it i s  c l e a r  
.. 

m 

v,L-Lsrs h s r ~  Y and fl and K ar2 diagonal matr ices .  

. -,_ ._- _ _  =drem: 

- \  -_; The s;/mmetrical continuous-time, two-dimensional, nonl inear  

s:.:. time-varying autonomous systems of Fig. 1 i s  s t a b l e  for :  

. .  
0 

A 

..-.--e . . ... ,+I CY = diagla, cy 1 ,  3 = diag{B1f12], K = d i a e  L} 
1 2  1 K2 
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if t h e r e  

:-> 

.. . 
. . .. 

. .  
... . . . 

- - -  
. -_ . .  

e x i s t  scalars q1 and q such tha t :  2 

Re{l+jwql) {H1( j w )  + H 2 ( j W ) ]  + (L + -") 2 0 
kl k2 

( 3 )  

CT 
r j  af.Crl . ( t )  , t l  f .Co . ( t ) , t l  

j 
d J a t  k ],j=1,2 

0 

In The case where k = k = k condi t ions 2 ,  3 ,  and 4 are reduced to :  
1 . 2  
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A 

Proof:  From a ng Lemma I1 fo r  t h e  sys t em -S  , it is clear t h a t  

t h e  s y s t e x  S 
h A A  

is  s t a b l e  for  a l l  - -  f [ O ( t ) , t l  s a t i s f y i n g  the  

inequa l i ty  : 

i f  t h e r e  e x i s t  symmetrical pos i t ive  semi-def ini te  matrices 

CY 2 0 ,  @ 2 0 ,    CY+^) > 0 such t h a t :  
h A * A  

c 

h A A  * * 

Z(s) a r K  + (CY i B s )  W(s) is  r e a l  - 

- -  - -..= i n t e r p r e t a t i o n  of these  conditions,  f o r  t h e  two inputs-two 
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. .. 
. .  . . 

-. 
. .. 

1 1 + -  kl k2 

: 1  1 

5-- k2 

posi t ive d e f i n i t e  . 

t h i s  choice of R 

* 

I -  

I L 
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. 
. .  

. .  

so t h a t :  

1 (" + +) 
kl 2 

Now 

Z( jw)  + Z(-jg) 2 0 

1 
+ 2  -. 

r < l / k  + l/k2) 
i 2 
I 1 + Re(1 + 3 

i. 

2zrtdit ion 3) i s  d i r e c t l y  derived from applying t h e  orthogonal 

t ransformation T (see sec t ion  11), so t h a t  
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1 f .Co.( t )  , t j  2 

= 1 CYj f j C O j ( t ) , t 1  { o . ( t )  - 
3 K; 

J j =1 

and i n  t h e  same way: 

s 

sj 
0 

gj 

Conditions 

af . n . ( t )  , t i  
a t  dT. < f . [ a . ( t ) , t l  { o . ( t )  J 

J 3 3  

B i 
j 

C Y J  
= 1,2) . 

1 1 1 (1 ) , ( 2  ) and ( 3 l )  follow by s u b s t i t u t i n g  

1 f . L-0 .( t )  ,t 1 

j 
k 

K1 = K2 

J 

Thus t h e  theorem i s  proved. 
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I V .  Geometric In t e rp re t a t ion  of Resul ts  for 

k l = k  A k  2 =  

c 

The conditions 1),2) can now be in t e rp re t ed  i n  the Popov plane. 

The forbidden region which t h e  frequency responses Gl(jW) h_ H ( j W )  + - 1  

H2(jW) and G 2 ( j W )  = H,(jW) - H2( ju) are not  allowed t o  e n t e r  i s  

shown i n  Fig. 7. The in t e r sec t ion  of t h e  Popov l i n e s  with t h e  nega- 
- -  

t i v e  rea l  ax i s  is  common t o  both systems and gives t h e  numerical 

;ialue of k ,  provided t h a t  condition 32 holds. 1 Condition 3 gives  t h e  

-_ - --,de-off berween t h e  non l inea r i t i e s  and t h e i r  t i m e  de r iva t ive  

:..?r which t h e  s t a b i l i t y  (Popov type) s t i l l h o l d s .  This r e s u l t  i s  

1 
< - - -  =-.eralizzzion of t h e  one reported i n  [ S I .  

From tPL-,c; ana lys i s  it i s  evident t h a t  t h e  s t a b i l i t y  p rope r t i e s  of 

- ,,;veri _- coxpled system depend on t h e  c h a r a c t e r i s t i c s  of t h e  coupling 

- 2 ) .  s t a b i l i t y  of t h e  system can be improved by t h e  in t roduct ion  

:: s-ich coupling, H2( s )  , t h a t  s h i f t s  simultaneously t h e  modified 

zolar p l o t s  of H ( j w )  -t H ( j w )  and Hl(jw) - H2(jW} to t h e  r i g h t  of 

- 

1 2 
-fit -:-- previous Popov l i n e s ,  such t h a t  t h e  new i n t e r s e c t i o n  of t h e  Popov 

l i n e s  with t h e  negat ive r e a l  ax i s  i s  c l o s e r  t o  t h e  o r i g i n .  
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? - 
V.  Conclusi 

In  t h i s  paper an improved s t a b i l i t y  c r i t e r i o n  has been derived 

and f o r  t h e  symmetric two-dimensional nonl inear  t i m e  varying 
1 system. This c r i t e r i o n  allows autonomous, continuous-time. The 

in t e r sec t ions  of t h e  l i n e s  with t h e  r e a l  ax i s  are t h e  same and give 

t h e  maximum allowable gain of the non l inea r i t i e s .  

i n  choosing t h e  s lopes r e s u l t s  i n  an improved ga in  factor . '  

The f l e x i b i l i t y  

Some 

considerat ion i s  a l s o  given t o  t h e  e f f e c t  of t h e  c ros s  coupling on 

the s t a b i l i t y  of t he  one-dimensional system (without moss-coupling).  

1- can be concluded t h a t  t h e  s t a b i l i t y  of a one-dimensional system 
_ _  . ' s )  can 3s improved by introducing a cross  coupling H2( s )  i f  t h e  
.- 

---?I", - - ~ I- p l o t s  of H1(s) + H 2 ( s )  and H1(s) - H2(s) are  t o  t h e  r i g h t  of 

-::.? p l o t  of Hl(s) i n  t h e  Popov plane, as long as these  s lopes are 

; : s l t i v e .  

1 
- Extention of the Popov Cr i te r ion  t o  n o n l i n e a r i t i e s  that  are time 

varying as well ,  provided t h a t  c e r t a i n  t rade-off  between t h e  non- 
l i n e a r  gain and i t s  time der iva t ive  is  maintained. 

3 - From one s i d e  but  also puts some r e s t r i c t i o n s  on t h e  trade-off 
between t h e  nonl inear  element and i t s  t i m e  de r iva t ive ,  so t h a t  
t h e  s lopes of t h e  Popov l i n e s  have an a d d i t i o n a l  physical  meaning 
t h a t  suppl ies  t h e  a c t u a l  above mentioned, t rade-of f .  
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